The spectra of the squares of velocity quadratics including the energy dissipation rate per unit mass, the enstrophy ! 2 and the pressure p were measured using the data obtained from direct numerical simulations (DNSs) of incompressible turbulence in a periodic box with number of grid points up to 2048 3 . These simulations were performed using the Earth Simulator computing system. The spectra for , ! 2 and p exhibited a wave number range in which the spectra scaled with the wave number k as / k Àa . Exponent a for p was about 1.81, which is in good agreement with the value obtained by assuming the joint probability distribution of the velocity field to be Gaussian, while a values for and ! 2 were about 2/3, and very different from the Gaussian approximation values.
and Obukhov, 3) while vorticity is regarded in many studies to be the key ingredient in determining the small-scale structure of turbulence. In incompressible fluid, they are related to the pressure p as
where is the fluid density. All e 2 , ! 2 , and p are second order in velocity and have been the subjects of extensive studies (see, e.g., refs. [4] [5] [6] .
Recently, we have performed high-resolution direct numerical simulations (DNSs) of incompressible turbulence using the Earth Simulator (ES) computing system. 7, 8) In this letter, we report some of the DNS results with special emphasis on the above-mentioned velocity quadratics. Among various quantities which could be measured in regard to these quadratics, we focus on their spectra, which are one of the most fundamental quantities characterizing the statistics of random fields. The results presented below are from DNSs with the number of grid points up to 2048 3 . (Although we performed DNS with 4096 3 grid points, its run time accomplished thus far is relatively short, 8) so that the 4096 3 DNS data are not included below.) The number of grid points or the degree of freedom in our 2048 3 DNS is 8 times larger than that in the biggest DNSs reported in previous studies. 9, 10) In our DNSs, the Navier-Stokes equations for incompressible turbulence of unit density in a periodic box were solved using an alias-free spectral method and a fourth-order Runge-Kutta method. The total kinetic energy E of the simulated field was maintained constant (¼ 0:5) by introducing negative viscosity in the wave number range k < 2:5. The minimum wave number of the simulations was 1. The maximum wave number k max and the kinematic viscosity were chosen so that k max $ 1, where is the Kolmogorov length scale defined by ¼ ð 3 =hiÞ 1=4 and the brackets hÁ Á Ái denote an average. The numerical methods are similar to those reported in our previous studies. 7, 8, 11) Details about parallel computing on the ES are found in ref. 7 . The run conditions were the same as those reported in ref. 8 ; a summary of the run conditions is reproduced in Table I . The eddy turnover time T was about 2 for each run and the number of grid points in Run ''N'' was N 3 . The values in Table I and the data shown below are from the last time step (t ¼ 10) of each run.
Let f ðxÞ be a velocity quadratic, such as , ðu Á rÞu. Then its spectrum E f ðkÞ is defined as
where P k denotes the sum in wavevector space q over the spherical shell satisfying k À 1=2 jqj < k þ 1=2, andf f ðkÞ is the Fourier transform of f . If f is a vector (say, f ), hf f ðqÞf f ðÀqÞi is replaced by hf f ðqÞ Áf f ðÀqÞi. The brackets hÁ Á Ái denote the ensemble average, and we assume that this is well approximated by the average over the spherical shell in one realization of our DNS.
It is well known that one-point turbulence velocity statistics are nearly Gaussian; however, the joint probability LETTERS Figure 1(a) shows comparisons between the DNS and GA spectra of (i) f ¼ ðu Á rÞu and (ii) f ¼ rp, non-dimensionalized by the characteristic velocity u 0 of energy-containing eddies given by 3u 02 ¼ 2E and the integral length scale L defined by
where EðkÞ is the kinetic energy spectrum. Since it is awkward to estimate GAs for E f analytically, they were obtained by (i) generating a fictitious incompressible random Gaussian field with exactly the same kinetic energy spectrum as that of the DNS field, and (ii) measuring the spectra E f of the fictitious field, as in ref. 13 . In computing the DNS values off f in eq. (2), we removed the alias error. The figure shows that the DNS values are in good agreement with GAs values over the entire wave number range for f ¼ ðu Á rÞu. This is also the case for
We omit here the figures, but the reader may refer to ref. 13 for comparisons between the GA and DNS spectra with N ¼ 1024, k max ¼ 2, and R % 268 in a quasi-stationary state. The agreement between the DNS and GA spectra for f ¼ ðu Á rÞu, f ¼ ! Á u, and f ¼ ! Â u are consistent with the assumption that the microstructure is statistically independent of energy-containing eddies; they dominate the statistics of ! (or ru) and u, respectively, 14) while the agreement for f ¼ u Á u is consistent with the idea that the joint PDF of energy-containing eddies is nearly Gaussian.
The agreement between the DNS and GA spectra for f ¼ rp is not good. However, Fig. 1(a) shows that the GA captures some of the DNS features, i.e., the overall k dependence is similar to the DNS values except by a factor of 3, and both the DNS and GA spectra are nearly flat for k < 0:2 and drop off sharply for k > 0:3. Note that rp plays a major role in determining the Lagrangian accelerations.
In contrast to the spectra mentioned above, the DNS spectra ðkÞ E f ðkÞ for f ¼ ð1=2Þ! 2 and DðkÞ for f ¼ e 2 shown in Fig. 1(b) are very different from the GA spectra. The DNS slopes in the wave number range k < 0:07 are negative, which is in contrast to the GA slopes. The difference is larger at small wave numbers, i.e., at larger scales. (This is in contrast to the widely held view that the non-Gaussian effect is stronger at large wave numbers.) However, the GAs still capture some features of the DNS spectra; they show that (a) ðkÞ ! DðkÞ for the entire wave number range, (b) the greatest difference between ðkÞ and DðkÞ occurs at k % 0:4, and (c) the difference is very small at low k. These features are in agreement with the DNS results.
It has been shown that the energy spectrum of a DNS with a resolution of N ¼ 1024 or higher may exhibit a wave number range (0:007 < k < 0:03) over which the energy spectrum is close to Kolmogorov's spectrum (/ k À5=3 ). 8) In this paper, we identify this as the inertial subrange. Figure  1(b) implies that the spectra ðkÞ and DðkÞ in the inertial subrange cannot be described by a GA i.e., the spectra are dominated by non-Gaussian characteristics of turbulence. This is also true for the pressure (gradient) field, although the discrepancy between the DNS and GA, values is not as large.
If the joint velocity PDF were Gaussian, then it would not be difficult to derive the scaling of the spectra theoretically. In this case,
for any E f ¼ ; D, or k 4 PðkÞ ¼ E r 2 p in the inertial subrange, provided that (A) the energy spectrum in the inertial subrange is given by Kolmogorov's k À5=3 power law and (B) the inertial subrange is sufficiently wide. We will refer to a scaling that is consistent with the GA as ''normal'', and a scaling that is inconsistent with the approximation as ''anomalous''. Note here that eq. (3) Figures 1(a) and 1(b) show that the spectra for ! 2 and exhibit anomalous scaling, while the pressure spectrum scaling is almost normal.
Some caution should be noted regarding assumption (B) or the finite width of the inertial subrange. A DNS database or experimental data often exhibit scaling that is different from normal. One might associate this difference with the intermittency or non-Gaussian characteristics of turbulence. For example, consider the spectrum E rp ðkÞ ¼ k 2 PðkÞ. The spectrum k 2 PðkÞ obtained from a DNS with a certain resolution may not agree well with the scaling (3) predicted by GAs. This is the case illustrated in Fig. 1(a) . However, Fig. 1(a) shows that the spectrum obtained from the GA itself is also different from the k À1=3 scaling, and that the slope of the DNS spectrum is very close to that of the GA. These facts suggest that the deviation from the k À1=3 scaling is not necessarily due to the non-Gaussian characteristics of the flow, but rather caused by the narrow width of the inertial subrange. Therefore, the small R should not be confused with a genuine anomalous scaling due to the nonGaussian characteristics or intermittency of the flow that is observed at larger R . In order to study the proper scaling in the inertial subrange, if there is an appropriate scaling law, it is desirable to simulate as wide a range as possible, which certainly requires a high-resolution DNS, as discussed in ref. 15 .
This consideration was one of the underlying motivations for performing the high-resolution DNS study presented here. Figures 2-4 show the spectra k 4 PðkÞ, ðkÞ, and DðkÞ, respectively, for various values of R , including those from Run 1024 shown in Figs. 1(a) and 1(b) and those from DNS databases with higher and lower R values. According to the dimensional analysis that follows Kolmogorov's scaling, these spectra may be written as
in the universal equilibrium range, i.e., at large k satisfying kL ) 1, where F is a nondimensional function. We therefore plot the spectra normalized by ð À5 hi 7 Þ 1=4 versus k in Figs. 2-4 . Figure 2 suggests that the spectrum k 4 PðkÞ converges to a single curve at high k with increasing R when normalized as in eq. (4). The figure shows that k 4 PðkÞ in Run 2048, i.e., the run with the highest R , is close to the similarity form / k a in the inertial subrange, and that the exponent a is almost the normal scaling value 5/3 in eq. (3). This implies that Kolmogorov scaling works well for k 4 PðkÞ in the universal equilibrium range. Kolmogorov 1) suggests that
where B p is a nondimensional constant. The least-square fitting of the DNS values of log½k 7=3 PðkÞ=hi 4=3 by Run 2048 to log B p in the range 0:007 < k < 0:04 gives B p ¼ 10:5 AE 0:9. This may be compared with B p ¼ 8:0 AE 0:5 in ref. 9 . However, close inspection of the figure shows that B p is not a constant independent of k, in a strict sense. For example, the DNS slope of Run 2048 fits better with a ¼ 4 À 2:19 (¼ 1:81) rather than with a ¼ 4 À 7=3, as seen in the inset of Fig. 2 . This value is close to those by Borue and Orszag 16) (a % 4 À 2:25, by simulations with hyperviscosity), and by Gotoh and Fukayama 9) (a % 4 À 7=3, by DNSs).
In contrast to Fig. 2 , the spectra curves of ðkÞ in Fig.  3(a) do not overlap well. The same is true for the DðkÞ spectra in Fig. 3(b) . These imply the necessity of using normalizations that are different from eq. 18) and Nelkin. 19) These studies suggest that ðkÞ and DðkÞ must be the same when ! 0. To get an idea of the behavior of the present DNS data at high R , we plot the values of the spectra at k ¼ 0:002 in the inertial subrange and at k ¼ 0:2 in the dissipation range in Fig. 4 . The figure suggests that (i) all four slopes for ðkÞ and DðkÞ at k ¼ 0:02 and k ¼ 0:002 measured from the data points at R ¼ 471 and R ¼ 732 are similar, and (ii) they give ðkÞ, DðkÞ normalized by ð À5 hi 7 Þ 1=4 / R x with x % 0:25. The slope x ¼ 0:25 is shown in the figure. For k 4 PðkÞ, the slope at k ¼ 0:02 is not very different from 0.25, but the slope at k ¼ 0:2 is different (% 0:1). Figure 5 shows the spectra of ðkÞ and DðkÞ normalized by R , nor a more complicated (k; R ) dependence in the inertial subrange. The determination of the asymptotic form of ðkÞ and DðkÞ for ! 0 without ambiguity would require DNS with much higher resolution.
The curves shown in Fig. 5 for the two groups of ðkÞ and DðkÞ overlap well. Also, (i) the difference between ðkÞ and DðkÞ in each of the four runs is very small over a certain wave number range at small k, but (ii) the difference is much larger at higher k, and (iii) the greatest difference is at k % 0:4.
It is interesting to note that ! 2 and = have the same dimensional form, ½velocity 2 =½length 2 , as r 2 p=, but they still scale differently from r 2 p= in the inertial subrange. Theories for explaining such a difference in the spectra scaling for velocity quadratics with the same dimensional structure have yet to be formulated. 
